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Abstract
We show that for all odd primes p, there exist ordinary elliptic curves over Fp(x) with arbitrarily high
rank and constant j -invariant. This shows in particular that there are elliptic curves with arbitrarily high
rank over these fields for which the corresponding elliptic surface is not supersingular. The result follows
from a theorem which states that for all odd prime numbers p and , there exists a hyperelliptic curve over
Fp of genus (− 1)/2 whose Jacobian is isogenous to the power of one ordinary elliptic curve.
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1. Introduction
The purpose of this work is to prove the following theorem and its corollary.
Theorem. Let p and  be odd prime numbers. Then there exists an ordinary hyperelliptic curve
H over Fp of genus (− 1)/2 whose Jacobian variety is isogenous to the power of one ordinary
elliptic curve.
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Fp(x) with arbitrarily high rank and constant j -invariant.
The corollary follows from the theorem and the following general fact which was first pointed
out by Shafarevich and Tate [17]: Let H be a hyperelliptic curve over some field k with a k-
rational divisor of degree 1, and let E be an elliptic curve over k such that JH ∼ Er ×A for some
abelian variety A over k. Let k(H)|k(x) be an extension of degree 2. Then the quadratic twist of
Ek(x) with respect to k(H)|k(x) has rank at least r . For details we refer to the introduction of [2].
Using the construction in [5], we have shown in [2] that for every r ∈ N there exists an or-
dinary hyperelliptic curve over F2r whose Jacobian variety is completely decomposable and
contains up to isogeny a factor Er for some ordinary elliptic curve E [2, Theorem 1]. This im-
plies that the corollary holds in fact for all primes p. We note that in [2] the corollary has already
been proven under the assumption of Artin’s Primitive Root Conjecture.
It is not known whether there exist non-constant elliptic curves over C(x) with arbitrarily high
rank. On the other hand, as noted in [2], there are several known classes of non-constant elliptic
curves with arbitrarily high rank over rational function fields in positive characteristic. Previous
to our work [2], examples of both high-rank supersingular elliptic curves and high-rank elliptic
curves with non-constant j -invariant (which are thus ordinary) have been given. But all these
examples are related to supersingular varieties because the corresponding elliptic surfaces are
supersingular (in the sense of Shioda, that is, the -adic second cohomology groups are generated
by divisor classes, cf. [18, p. 235]). This is somewhat of a weakness if one wants to view the
positive characteristic examples as an indication of what should be true in characteristic 0.
Just as the elliptic curves of high rank in [2], the elliptic curves of high rank given in this work
do not correspond to supersingular surfaces.
In [4] it was asked by Ekedahl and Serre whether there exist curves in characteristic zero of
arbitrarily high genus with completely decomposable Jacobian. It is well known that the corre-
sponding question for any fixed positive characteristic can be answered affirmatively: In every
positive characteristic there exist supersingular curves of arbitrarily high genus, and over an alge-
braically closed field, the Jacobians of these curves are completely decomposable. Together with
[2, Theorem 1] our theorem shows that in every positive characteristic there also exist ordinary
curves of arbitrarily high genus with completely decomposable Jacobian.
Outline of the proof of the theorem
We consider families of hyperelliptic curves which have already been studied by Brumer and
Mestre (see [15] and Ref. [3] in [15]). Over an algebraically closed field, the Jacobian varieties
of the members of these families have real multiplication. Via a degeneration argument we give
a criterion under which the families are generically ordinary. If we consider certain members
of these families such that the real multiplication is not defined over the ground field, we can
conclude that the Jacobian varieties are isogenous to Weil restrictions of ordinary elliptic curves
(here we use [2, Proposition 2]). The existence of suitable curves is guaranteed by a density
argument.
Terminology and notations
Throughout the work, we use the following terminology concerning curves: If not stated oth-
erwise, a curve over a field is assumed to be proper and geometrically reduced but not necessarily
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and flat morphism C → S whose fibers are curves. A semi-stable curve over S is a curve over S
such that the only singularities of the fibers are ordinary double points.
We denote a relative curve C over S by C/S. For s ∈ S or a geometric point s of S, we denote
the (geometric) fiber of C over s by Cs . If C/S and D/S are curves, we call a finite and flat
S-morphism C → D a cover.
Note that the Euler–Poincaré characteristic of the fibers of a relative curve is constant (see the
first corollary to the theorem in [16, Chapter II, §5]), and thus so is the (arithmetic) genus; we
define the genus of a relative curve to be the genus of any of its fibers.
If A is an abelian variety over a field k, we denote the ring of endomorphisms of A over k by
End(A).
2. The curves
In this section, we define the hyperelliptic curves in question as well as the real multiplication
on the Jacobians of these curves.
Let  be an odd prime. Let us fix a ground field k of any characteristic = 2 with algebraic
closure k. All curves in this section are over the fixed field k (but the real multiplication we want
to define might not be defined over k). We assume that we are given an étale isogeny of elliptic
curves f : E˜ → E over k of degree . Let ρ :E → P1k , ρ˜ : E˜ → P1k be covers of degree 2 which
are ramified at the 2-torsion points. As the covers ρ, ρ˜ are in fact geometric quotients of E and E˜
respectively by the automorphisms [−1] on these curves, we have an induced cover u :P1k → P1k
of degree  with ρ ◦ f = u ◦ ρ˜.
Let P := ρ(0E), where 0E is the zero point of E. Let a :P1k → P1k be a cover of degree 2
which is ramified at P and some other point P ′ /∈ ρ(E[2]).
Now let D be the normalization of the fiber product of a :P1k → P1k and u :P1k → P1k , and let
d :D → P1k , a˜ :D → P1k be the covers which are induced by the projections to the first and second
factors respectively. We thus have the following commutative diagram.
D
d
a˜
E˜
f
ρ˜
P1k
uP1k
a
E
ρ
P1k
(1)
Obviously D is hyperelliptic. Let us calculate its genus.
By Abhyankar’s Lemma (cf. [19, Proposition III.8.9]), the cover a˜k :Dk → P1k is unramified
outside the preimages of P and P ′ under uk . Over the point P there is the point ρ′(0 ˜ ) whichE
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unramified with respect to uk .
Again by Abhyankar’s Lemma, the cover a˜k :Dk → P1k is ramified exactly at ρ˜(0E˜) and at the
preimages of P ′. This means that there are exactly + 1 ramification points, and the genus of D
is (− 1)/2.
To introduce the real multiplication, we first consider the normalization C of P1k ×P1k E, where
the product is taken with respect to a and ρ. Note that C is a genus 2 curve. Let C˜ := C ×E E˜.
Note that as f : E˜ → E is an étale cover of degree , so is C˜ → C. In particular, C˜ is smooth,
that is, it is a smooth and irreducible curve (of genus + 1). We have the following commutative
diagram in which we also introduce some names for the covers.
C˜
c
φ˜
D
d
a˜
E˜
f
ρ˜
C
φ
P1k
uP1k
a
E
ρ
P1k
(2)
Let K|k be a field extension such that E˜K has a non-trivial translation τE˜K (of order ) which is
an automorphism of the cover fK : E˜K → EK induced by f . Then τE˜K induces by base-change
an automorphism of order  of C˜K = (C ×E E˜)K . Note that τC˜K generates the automorphism
group of the cover cK : C˜K → CK .
Let A be the reduced connected component of the zero of ker(c∗) < JC˜ . Note that id + τ ∗C˜K +
· · · + τ ∗−1
C˜K
is defined over k, and A is the reduced connected component of the zero of
ker(c∗c∗) = ker(id + τ ∗
C˜K
+ · · · + τ ∗−1
C˜K
). Obviously τ ∗
C˜K
(AK) ⊆ AK and the minimal poly-
nomial of τ ∗
C˜K
|AK divides X−1 + · · · + X + 1. As the latter polynomial is irreducible in Q[X]
and τ ∗
C˜K
|AK operates non-trivially on AK , we conclude:
Lemma 1. The ring Z[τ ∗
C˜K
|AK ] < End(AK) is isomorphic to Z[ζ] (with τ ∗C˜K |AK ↔ ζ).
Lemma 2. φ˜∗(JD) is contained in A.
Proof. We proof this after base-change to K . Let δ be the non-trivial automorphism of C˜ over D
(of order 2). Note that τ ˜ and δK generate the automorphism group of φK ◦ cK : C˜K → P1CK K
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(
id + τ ∗
C˜K
+ · · · + τ ∗−1
C˜K
) ◦ (id + δ∗K
)
= id + τ ∗
C˜K
+ · · · + τ ∗−1
C˜K
+ δ∗K + τ ∗C˜K ◦ δ
∗
K + · · · + τ ∗−1C˜K ◦ δ
∗
K
= c∗K ◦ φ∗K ◦ φK∗ ◦ cK∗ = 0. (3)
Now φ˜∗K(JDK ) = φ˜∗Kφ˜K∗(JC˜K ) = (id + δ∗K)(JC˜K ). By (3), this lies in ker(id + τ ∗C˜K + · · · +
τ ∗−1
C˜K
). 
Now let τ := φ˜K∗ ◦ τ ∗
C˜K
◦ φ˜∗K ∈ End(JDK ).
Proposition 1. Z[τ ] < End(JDK ) is isomorphic to Z[(τ ∗C˜K + τ
∗−1
C˜K
)|AK ] < End(AK) as rings
and Galois modules (with τ ↔ (τ ∗
C˜K
+ τ ∗−1
C˜K
)|AK ). In particular, the ring Z[τ ] is isomorphic to
Z[ζ + ζ−1 ].
Proof. This follows by an analogous argument to the one presented on the lower part of
[2, p. 498]. 
Remark 1. For the proof of the theorem, we do not need the real multiplication on JD but merely
the automorphism τ ∗
C˜K
|AK . This is similar to the situation in [2].
Remark 2. The automorphism group of a ◦ φ :C → P1k is (Z/2Z)2, thus besides the quotients
C → E and φ :C → P1k of degree 2, there is another quotient C → E′ of degree 2 together with
an induced cover ρ′ :E′ → P1k of degree 2. Now, ρ′ :E′ → P1k is ramified at ρ(E[2] − {0E}) ∪{P ′}, thus E′ has genus 1. By fixing the preimage of P ′ as zero-point, E′ is turned into an elliptic
curve. Obviously C is also the normalization of E ×
P
1
k
E′. In the next section this observation
serves as the starting point.
3. Generically ordinary families
In this section, we introduce families of curves (i.e., relative curves) C˜/S whose fibers are –
except for some “degenerate” fibers – curves denoted by C˜ in the previous section. We strive for
proving that under some conditions, these families are generically ordinary, that is, their generic
fibers are ordinary. Note that as “ordinariness” is an “open property” (cf. [1, Proposition 1.5]),
this means that there exists a non-empty open subset U ⊂ S such that the fibers over U are
ordinary. To prove this, we force that some fibers are not irreducible.
The setting in this section is more general than what is actually needed for the proof of the
theorem.
Let S be an integral, regular scheme over Z[1/2] of dimension 1, and let E/S and E′/S be
two (relative) elliptic curves. Let [0E] be the Cartier divisor associated to the zero-section, and
let E[2]# := E[2] − [0E]. (Similar definitions for E′.)
We assume that we are furthermore given
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• an étale isogeny of elliptic curves f : E˜ → E of some degree  (which need neither be odd
nor prime).
Let ρ :E → E/[−1], ρ′ :E′ → E′/[−1] be the canonical maps. Note that E/[−1] and
E′/[−1] are both P1-bundles (in fact if q :E → S is the structure map then E/[−1] 
P(q∗L(2[0E]))). Furthermore, both E[2]# and E′[2]# are étale over S of degree 3 and ρ|E[2]
as well as ρ′|E′[2] are closed immersions. By [3, Proposition B.4] there exists a unique S-
isomorphism
γ :E/[−1] ∼−→ E′/[−1]
with γ ◦ ρ|E[2]# = ρ′ ◦ψ |E[2]# .
We identify E/[−1] and E′/[−1] via γ and let P := E/[−1] = E′/[−1], P := ρ([0E]) and
P ′ := ρ′([0E′ ]).
We have the following easy lemma (see [3, Lemma A.1]).
Lemma 3. Let s be a geometric point of S. Then the following are equivalent:
• There exists an isomorphism α :Es → E′s with α|Es [2] = ψs .• Ps = P ′s .
We now make the following assumption:
Assumption. The divisors P and P ′ are not equal (i.e., they are not equal at the generic point
of S) but there exists some point s ∈ S such that Ps = P ′s and Es (= E′s) is ordinary.
Remark 3. For the proof of the theorem we will deal with the special case where S is an affine
curve over Fq and E′/S is a constant family.
Lemma 4. E ×P E′ is integral, and κ(E ×P E′)  κ(E)⊗κ(P) κ(E′).
Proof. The ring E ⊗κ(P) κ(E′) is a field because by assumption, the generic points of ρ′([0E′ ])
and ρ([0E]) are distinct.
Let A be the coordinate ring of an affine open part U of P, let B and B ′ be the coordinate rings
of the preimages of U in E and E′. We claim that the canonical map B ⊗A B ′ → κ(B) ⊗κ(A)
κ(B ′)  κ(E)⊗κ(P) κ(E′) is injective.
We have κ(B)⊗κ(A) κ(B ′)  (B ⊗A κ(A))⊗κ(A) (B ′ ⊗A κ(A))  (B ⊗A B ′)⊗A κ(A) as B
and B ′ are finite over A. We thus have to show that the map B ⊗A B ′ → (B ⊗A B ′)⊗A κ(A) is
injective. Now, A → κ(A) is injective and B ⊗A B ′ is flat over A. This implies that B ⊗A B ′ →
(B ⊗A B ′)⊗A κ(A) is injective. It follows that B ⊗A B ′ is reduced and that κ(B)⊗κ(A) κ(B ′) 
κ(E)⊗κ(P) κ(E′) is its function field. 
Let C be the normalization of E×P E′, and let π :C → E and π ′ :C → E′ be the maps which
are induced by the projections to the factors.
Lemma 5. The morphisms π and π ′ as well as the normalization morphism C → E ×P E′ are
finite, in particular C/S is proper.
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normal (see [7, Exposé II, Proposition 3.1], [14, Theorem 19.4]).
The projection E ×P E′ → E is finite because it is induced by base-change from the finite
morphism E′ → P. This implies in particular that the normalization of E ×P E′ is equal to
the normalization of E in κ(E) ⊗κ(P) κ(E′). As E is normal and the extension κ(E) ⊗κ(P)
κ(E′)|κ(E) is separable, this implies that π :C → E is finite (see [12, Chapter 4, Proposi-
tion 1.25]). As E ×P E′ is finite over E, implies that the normalization morphism C → E ×P E′
is finite too. Clearly, π ′ is also finite. 
Proposition 2. C/S is a semi-stable genus 2 curve and π,π ′ are covers of degree 2.
For s ∈ S with Ps = P ′s , Cs is an irreducible smooth genus 2 curve. For s ∈ S with Ps = P ′s ,
Cs is isomorphic to the union of two copies of Es (= E′s) intersecting at 0Es . One can choose an
isomorphism such that πs restricts to idEs on both components and π ′s restricts to idEs on one
component and to −idEs on the other.
Proof. The field κ(S) is algebraically closed in κ(E) ⊗κ(P) κ(E′) and S is normal. By
Grothendieck’s results on “Zariski’s Main Theorem,” this implies that the geometric fibers of
C over S are connected (see [8, (4.3.12)]).
Let W be the ramification locus of E ×P E′ → P. Then (E ×P E′) − W is normal, because
the domain of an étale morphism mapping to a normal scheme is normal (see [7, Exposé I,
Corollaire 9.11]). It follows that C → E×P E′ induces an isomorphism between the complement
of the preimage of W in C and (E ×P E′)−W .
Let s ∈ S. Then Ws is zero-dimensional, and as the canonical morphism Cs → Es ×Ps E′s is
finite (by the preceding lemma), the preimage of Ws in C is zero-dimensional too. Moreover, the
irreducible components of Es ×Ps E′s are 1-dimensional (there are one or two irreducible com-
ponents). As Cs is connected, this implies that Cs → Es ×Ps E′s is birational on the irreducible
components of Cs . The fact that C/S is proper (see preceding lemma) now implies that Cs is
proper too. This means that Cs is a curve.
As S is integral of dimension 1 and C is integral, C/S is flat (see [10, Proposition 9.7]). It
follows that C/S is a curve.
By Abhyankar’s Lemma [7, Exposé X, Lemme 3.6] and “purity of the branch locus”
[7, Exposé X, Théorème 3.1], π is étale outside (π ′)−1([0E′ ]) = (ρ′ ◦ π ′)−1(P ′s ) and π ′ is étale
outside π−1([0E]) = (ρ ◦ π)−1(Ps). This implies that C/S is smooth outside the preimage of
P ∩ P ′.
This means in particular that for s ∈ S with Ps = P ′s , the fiber Cs is a non-singular curve. From
the assumption it follows now that the generic fiber is a smooth curve. Clearly it has genus 2.
This means that C/S is a curve of genus 2.
Now let s ∈ S with Ps = P ′s .
Note that the normalization of Es ×Ps E′s = Es ×Ps Es is isomorphic to Es ∪˙Es . The identi-
fication can be made such that the first projection map restricts to idEs on both components and
the second projection map restricts to idEs on one component and to −idEs on the other. We thus
have a canonical map Es ∪˙Es → Cs such that the restrictions to each of the two components are
closed immersions.
As outside the preimage of Ps the curve Cs is smooth, we furthermore have an isomorphism
outside the preimage of Ps . Now, the preimage of Ps in Es ×Ps E′s is {(0Es ,0E′s )}, and the
preimage of this in Es ∪˙Es is the set consisting of the two zero points.
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tained from Es ∪˙Es by identifying the two zero points, and that moreover, outside the intersection
point Cs is smooth. We claim that the intersection point is an ordinary double point.
Note that the genus of Cs is 2 because the genus of the fibers of C/S is constant (see the first
corollary to the theorem in [16, Chapter II, §5]). Together with [12, Chapter 7, Proposition 5.4]
this implies that the intersection point is an ordinary double point.
This implies that Cs is semi-stable, and hence C/S is semi-stable too.
Clearly the morphisms π and π ′ induce covers of degree 2 on the fibers. They are flat by [9,
(11.3.11)], and we have already seen in the preceding lemma that they are finite. They are thus
covers of curves of degree 2. 
Let C˜ := C ×E E˜. Note that as f is étale, so is the induced map c : C˜ → C. It follows that
C˜/S is a semi-stable curve of genus + 1.
The main result of this section is:
Proposition 3. The curve C˜/S is generically ordinary.
Proof. We assumed that there exists some point s ∈ S with Ps = P ′s such that Es is ordinary. Let
us fix such a point. Then the irreducible components of Cs are elliptic curves isomorphic to Es .
In fact, by the previous proposition, the preimage of such an irreducible component is isomorphic
to the ordinary elliptic curve E˜s . This implies that C˜s is ordinary (cf. the text below Lemma 1.3
in [1]), thus the curve C˜/S is generically ordinary (cf. [1, Proposition 1.5]). 
Remark 4. Let Ω be an algebraically closed field, and let s ∈ S(Ω) be a geometric point of
S with Ps = P ′s . Let Q1, . . . ,Q ∈ E˜s(Ω) be the preimages of 0Es under fs . Then C˜s is in
fact the union of two copies of E˜s where any point Qi on one component is identified with
the corresponding point on the other component. This means that the dual graph of C˜s (cf. [1,
Section 1]) consists of two vertices which are connected by  edges. In particular it has  − 1
loops. This is consistent with the genus being + 1.
Remark 5. By [13, Lemma 5.6], the covers π,π ′ both have automorphisms of order 2. Let σC
be the composition of these two automorphisms. Then σC is also an involution, and we have
an induced cover a :C/〈σC〉 → P of degree 2 whose branch locus is P ∪ P ′ (see [3] for more
information). If s ∈ S such that Ps = P ′s , then C/〈σC〉 ≈ P1κ(s). Note that this corresponds to the
setup of the previous section.
Now let  be odd. Let P˜ := E˜/[−1]. Then as in the previous section we have an induced cover
u : P˜ → P of degree . Let D be the normalization of the fiber product C/〈σS〉 ×P P˜ (which is
integral), and let a˜ :D → P˜ be the canonical map. Let U be the open subscheme of S where P
and P ′ do not meet. Then DU/U is a hyperelliptic curve of genus (− 1)/2 in the sense of [13].
For this, one has to show that DU/U is smooth and that a˜U :DU → P˜U is a degree 2 cover.
The smoothness follows with Abhyankar’s Lemma and “purity of the branch locus” similarly to
the proof of Proposition 2, and the statement on a˜U is also proved analogously to the correspond-
ing statement in Proposition 2.
Note that for s ∈ U and prime , the curve Ds is a hyperelliptic curve called D in the previous
section, i.e., the point of study of this work. We do not need the family D/S in the sequel, though.
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Let p and  be odd primes.
We want to apply [2, Proposition 2] to the abelian variety A < J
C˜
for some curve C˜ as in
Section 2 over some finite field of characteristic p.
For this, we first fix an ordinary elliptic curve E′ over a finite field Fq of characteristic p.
By enlarging the base field if necessary, we assume that the two-torsion points are all rational,
and that ζ4 ∈ Fq . We fix a cover ρ′ :E′ → P1Fq of degree 2, ramified as always at the 2-torsion
points.
Note that the moduli problem “étale isogenies of order  of elliptic curves with rational
4-torsion and a fixed determinant over Fq -schemes” is (finely) represented by an irreducible
affine curve over Fq . Let us call this curve Y0. Let Y1 be the affine modular curve parameterizing
elliptic curves with rational 4-torsion and a fixed determinant with an automorphism of order 
over Fq -schemes. Note that we have a canonical étale Galois cover Y1 → Y0 with Galois group
(Z/Z)∗. Thus in particular the cover is cyclic of order − 1.
Let f : E˜ → E be a universal étale isogeny of order  over Y0. The curve Y0 will play the role
of the base-scheme, denoted S in the previous section. The isogeny f will play the same role as
in the previous section. The complementary elliptic curve for the construction is E′Y0 , obtained
by base-change from Spec(Fq) to Y0.
By definition of E and E′, both E[2] and E′Y0[2] are isomorphic to the group scheme (Z/2Z)2
over Y0. There thus exists an isomorphism between E[2] and E′Y0[2] as S-group schemes. Let us
choose such an isomorphism. We are then in the situation of the previous section, and we define
the curves C/Y0 and C˜/Y0 as in the previous section.
The “Assumption” of the previous section is obviously satisfied, and by Proposition 3, C˜/Y0
is generically ordinary. Recall that this means that there are only finitely many geometric fibers
which are not ordinary.
Now consider the cover Y1 → Y0 of degree  − 1. Note that by definition of Y1, if y ∈ Y0,
y1 is a preimage of y and k := Fq(y), K := Fq(y1) are the corresponding residue fields, there
exists a non-trivial translation τ
E˜K
(of order ) on (E˜y)K which is an automorphism of the cover
(fy)K : (E˜y)K → (Ey)K , and K is the smallest extension of k over which τ(E˜y)K is defined.
By the ˇCebotarev Density Theorem (see e.g. [11]), there exist infinitely many y ∈ Y0 which
are inert. In particular, there exists y such that Py = P ′y (which implies that Cy and C˜y are smooth
and irreducible) and C˜y is ordinary. Let us fix such y. Let y1 be the unique preimage of y in Y1.
Let k := Fq(y) and K := Fq(y1). Note that by the choice of y, [K : k] = − 1.
Now similarly to Section 2, let Ay := ker((cy)∗) < JC˜y . Let Dy be the hyperelliptic curve
over k obtained via (1) (and Remark 2) applied to the fibers over k (Dy is thus the fiber at y of
the curve D/S in Remark 5). The curve Dy is the hyperelliptic curve of genus g whose Jacobian
we want to study.
Let τ
(E˜y)K
be a non-trivial translation which is an automorphism of fK , and as in Section 2,
let τ
(C˜y)K
be the automorphism of C˜K obtained by base-change from τ(E˜y)K . Then K is still the
smallest extension of k over which τ
(C˜y)K
is defined.
We have dim(A) = [K : k] =  − 1 and Q[(τ ∗
C˜K
)|AK ]  Q[ζ]. Using [2, Proposition 2] we
conclude that Ay is isogenous to the Weil restriction with respect to K|k of one ordinary elliptic
curve over K . It follows that (Ay)K is isogenous to a power of one ordinary elliptic curve.
40 C. Diem, J. Scholten / Journal of Number Theory 124 (2007) 31–41In particular, the Jacobian of the hyperelliptic curve (Dy)K , which by Lemma 2 is isogenous to
an abelian subvariety of (Ay)K , is isogenous to a power of one ordinary elliptic curve.
This proves the theorem stated in the introduction.
5. Further examples of ordinary curves with completely decomposable Jacobian
In the article [4] mentioned in the introduction it is not only asked whether there exist curves
with completely decomposable Jacobian of arbitrarily high genus but also whether there exist
such curves for every genus. To the knowledge of the authors, the question is still open in any
characteristic except 2, and it is therefore interesting to give conditions on p and g such that a
curve of genus g over Fp with completely decomposable Jacobian exists (for characteristic 2,
see [6]). In this section, we outline how the proof of our theorem can be generalized to give
further examples of ordinary curves with completely decomposable Jacobian.
By the proof of the theorem, ordinary curves with completely decomposable Jacobian exist
under the following assumptions for arbitrary odd characteristic:
• g = + 1,  an odd prime,
• g = (− 1)/2,  an odd prime,
• g = (+ 1)/2,  an odd prime.
Indeed, if  is an odd prime, then the curves C˜y in the proof of the theorem have genus + 1 and
the curves Dy have genus ( − 1)/2. Moreover, the curves C˜y have another canonical quotient
Cy → D′y of degree 2 such that g(D′y) = ( + 1)/2. In the notation of Remark 5, the curves D′y
are the normalizations of the fiber product of ρ′y :E′y → Py and uy : P˜y → Py .
The three conditions given above can be generalized to  a power of an odd prime. This
follows from a generalization of the proof of the theorem. An outline is as follows: For arbitrary
odd , we have a canonical decomposition
J
C˜y
∼ JCy ×
∏
d|, d =1
(Ay)d,
where (Ay)d is an abelian variety of dimension φ(d) with Z[τ ∗
C˜y
|(Ay)d ]  Z[ζd ]. Now, if  is a
prime power, the cover Y1 → Y0 is still cyclic, and if one chooses a point y ∈ Y0 which is inert
under this map and for which C˜y is smooth and ordinary, one can conclude with [2, Proposition 2]
that the each of the (Ay)d is isogenous to a Weil restriction of one ordinary elliptic curve.
So far, we have not used the real multiplication on J(Dy)Fp explicitly. If one does so, one can
prove that there exist examples of suitable curves of genus (− 1)/2 and (+ 1)/2 provided that
 is odd and (Z/Z)∗/〈−1〉 is cyclic (which implies that  is an odd prime power or the product
of two odd prime powers).
We outline the proof for the genus being (− 1)/2. The case (+ 1)/2 is similar.
Let  be odd. We have a canonical decomposition
JDy ∼
∏
(By)d,d|, d =1
C. Diem, J. Scholten / Journal of Number Theory 124 (2007) 31–41 41where (By)d is an abelian variety of dimension φ(d)/2 with Z[τ ∗|(By)d ]  Z[ζd + ζ−1d ], where
τ is defined as in Section 2.
Let us assume that (Z/Z)∗/〈−1〉 is cyclic. Let σ2 be the automorphism of Y1 → Y0 corre-
sponding to −1 ∈ (Z/Z)∗, and let Y2 := Y1/〈σ2〉.
Then for all y ∈ Y0, the automorphism group of Y2 → Y0 operates canonically on all
Q[τ ∗|(By)d ]. If y is inert, it generates the automorphism groups of all these groups. If one chooses
an inert y such that C˜y (and thus Dy ) is irreducible and ordinary, then again by [2, Proposition 2]
each (By)d is isogenous to a Weil restriction of an ordinary elliptic curve.
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